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The fluctuations-driven continuous quantum criticality has sparked tremendous interest in con-
densed matter physics. It has been verified that the gapless fermions fluctuations can change the
nature of phase transition at criticality. In this paper, we study the fermionic quantum criticality
with enlarged Ising×Ising fluctuations in honeycomb lattice materials. The Gross-Neveu-Yukawa
theory for the multicriticality between the semimetallic phase and two ordered phases that break
Ising symmetry is investigated by employing perturbative renormalization group approach. We first
determine the critical range in which the quantum fluctuations may render the phase transition
continuous. We find that the Ising criticality is continuous only when the flavor numbers of four-
component Dirac fermions Nf ≥ 1/4. Using the ǫ expansion in four space-time dimensions, we
then study the Ising×Ising multicriticality stemming from the symmetry-breaking electronic insta-
bilities. We analyze the underlying fixed-point structure and compute the critical exponents for the
Ising×Ising Gross-Neveu-Yukawa universality class. Further, the correlation scaling behavior for
the fermion bilinear on the honeycomb lattice at the multicritical point are also briefly discussed.
I. INTRODUCTION
The quantum phase transitions (continuous) at zero-
temperature driven by non-temperature parameters are
believed to be key to understand some unconventional
properties of correlated many-body systems[1, 2], in-
cluding strange metal phase in the high-temperature
superconductors[3–5], ferromagnetic quantum criticality
in the heavy fermion systems[6] and deconfined quantum
critical point (QCP)[7, 8]. From a field-theoretical per-
spective, the general description for the continuous phase
transition can be formulated in terms of the order param-
eter which acquires a nonzero value as the system is tuned
across the transition. Together with the renormaliza-
tion group (RG) theory[9], the Landau-Ginzburg-Wilson
(LGW) paradigm provides a well understanding of the
universal criticality and a effective method to calculate
the critical exponents near the critical point, for example
the extensively studied scalar O(N) model which cap-
tures the continuous critical behavior of a wide variety of
systems [2, 10, 11].
However, the LGW paradigm has been challenged re-
cently by various examples in which the fluctuations
from emergent degrees of freedom render the transition
continuous. The prime example is the transition be-
tween Neel and valence bond solid phase that separated
by the deconfined QCP on the 2D square Heisenberg
antiferromanets[7, 8]. A large number of theoretical and
numerical studies demonstrate that the deconfined QCP
is continuous as a result of the emergent fractionalized
”spinon” and noncompact U(1) gauge field[12–16]. Since
the new degrees of freedom such as spinons emerge right
at the QCP, the LGW theory is fail to describe the de-
confined QCP purely in terms of the space-time fluctua-
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tions of order parameter. Another example that goes be-
yond the LGW picture is the fermion induced quantum
critical point (FIQCP) which has attracted persistent
attention in Dirac fermion systems [17–40]. Evidences
for FIQCP have been embodied in the transition from
semimetal to Z3 Kekule valence-bond-solid (VBS) phase
of (2+1)D fermions on the honeycomb lattice[17, 18, 27].
The Kekule VBS pattern breaks the translational sym-
metry and breaks the continuous U(1) symmetry down to
Z3[27, 41, 42], consequently, the Kekule phase transition
allows a cubic term of VBS order parameter. From the
view of point of LGW picture, the Kekule phase transi-
tion is expected to be first-order in the presence of cu-
bic term of order parameter. Extensive studies, how-
ever, suggest that the presence of gapless fermion fluc-
tuations at the critical point can dramatically change
the nature of critical point and render a putatively first-
order transition continuous[17, 27]. Various theoreti-
cal methods have been applied to study the FIQCP,
ranging from perturbative RG [19, 29, 37, 38] to func-
tional RG[21, 25, 27, 43]. On the other hand, the sign-
problem-free quantum Monte Carlo simulations for inter-
acting fermions on lattice also push our understanding of
FIQCP [44–48].
Building on the concept of FIQCP, the quantum criti-
cality in the presence of external fluctuations provided by
the Dirac fermions has sparked tremendous interest[35,
49–51]. A representative example is the semimetal-
insulator transition of interacting electrons on the honey-
comb lattice[49, 51]. When the interaction is sufficiently
strong, the electrons may undergo continuous transition
from semimetallic phase to a symmetry broken insulating
phase characterized by an ordered ground state[53]. A
large on-site repulsive interaction, for example, gives rise
to a spin-density-wave state[43, 54], whereas a nearest-
neighbor interaction would induce a charge-density-wave
state[37]. A large number of interacting Dirac fermion
model exhibit the continuous phase transition, e.g., spin
2liquid[55], superconducting and XY phases [32, 52, 56–
58], and exotic topological phases[59, 60]. Moreover,
the recent theoretical studies suggest the multicritical
point may be achieved in three ways: (i) condensa-
tion of topological defects[61], (ii) anticommuting mass
terms[62], (iii) interaction instabilities[22, 29, 32]. It’s
argued that the quantum criticality occurs in the vicin-
ity of these critical points and the universality class
are defined through different microscopic models. Since
the presence of external fluctuations provided by gap-
less Dirac fermions, these critical points are not captured
by the conventional O(N) universality classes. Instead,
they are described by the Gross-Neveu-Yukawa the-
ory, defining qualitatively different chiral Gross-Neveu-
Yukawa (GNY) universality classes[63]. Indeed, the
critical behavior of a large number of transitions in
condensed matter systems are captured by the GNY
model. To describe the critical behavior of GNY (or the
gauged QED-GNY) theory, various theoretical methods
and numerical methods have been applied, i.e., pertur-
bative RG[11, 18, 37, 38, 64], nonperturbative functional
RG[27, 43], large-N method[54, 65] and quantum Monte
Carlo simulations[50, 66–68]. In view of the symmetry of
the broken phase, the GNY universality class comprises
chiral Ising (Z2) class [11, 37, 38, 46, 63], chiral XY [O(2)]
class[17, 26, 27, 33, 50, 69] and chiral Heisenberg[SU(2)]
universality class[11, 43, 54, 58, 65].
Once the fermion-induced continuous criticality is es-
tablished, efforts to extend the FIQCP to the multi-
critical point with enlarged fluctuations is significant,
as this theoretical problem relates to the competing or-
ders and multicritical behavior of correlated electrons,
e.g., high-temperature superconductors[3] and decon-
fined criticality[62, 70]. Recently, the studies of multi-
critical point are ongoing[26, 29, 36, 71]. It’s demon-
strated that the multicritical point is characterized by a
emergent enlarged symmetry and features a continuous
transition between two ordered phases as the system is
tuned through the multicritical point, for example O(5)
symmetry for O(3) Neel order and U(1) Kekule VBS.
Moreover, the multicritical point exhibits an enhanced
symmetry within the Yukawa sector against small pertur-
bations that break the O(5) symmetry[36]. These recent
progress raises two fundamental issues: (1) How the mul-
ticritical behavior is modified by the interplay between
two ordered phases and the gapless Dirac fermions. (2)
To what extent does the multi-criticality affect the pos-
sible competing order parameters.
Here, we solve the two issues by exploring the gap-
less Dirac fermions coupled to the Ising×Ising symmetry-
breaking order parameters. We first formulate the the-
ory for the multicritical point with enlarged Ising×Ising
fluctuations, which we analysis using perturbative RG.
By including a cubic term in the theory of Ising FIQCP,
we also identify the semimetal-CDW transition is con-
tinuous for the flavors of fermions Nf fulfill Nf > 1/4.
In particular, we find that the Kekule VBS phase can
be enhanced by multicritical fluctuations, the crucial in-
gredient for the enhancement is the anticommuting na-
ture between the corresponding fermion bilinears and the
Dirac gamma matrices in the kinetic part. Although our
results are judged from the enlarged Ising×Ising critical-
ity, the enhancement scenario can be applied to other
multicritical fluctuations, such as enlarged O(3)× U(1),
O(3)× Ising.
This paper is organized as follows. We formulate the
critical theory with enlarged Ising×Ising fluctuations in
Sec. II. After identifying the range in which the transi-
tion is continuous in Sec. III, we perform RG analyses
for the multicritical point in Sec. IV. We also show the
Kekule VBS are enhanced by the multicritical fluctua-
tions in Sec.IV. Conclusions are drawn in Sec. V.
II. SEMIMETAL TO ISING-ORDER
TRANSITION
We consider the spinless Dirac fermions on a honey-
comb lattice, whose low-energy effective theory in physi-
cal 2 + 1 dimensions can be expressed as the Lagrangian
density[27, 29, 32]
Lψ = iΨ¯γµ∂µΨ, (1)
where the conjugate fermionic field Ψ¯ = Ψ†γ0, the deriva-
tive operator reads ∂µ = (∂0, ∂i). Here the Fermi ve-
locity vF = 3t/2 was set to unity for convenience and
the summation convention over repeated indices is as-
sumed. The γµ matrices satisfy the Clifford algebra
{γµ, γν} = 2gµν , µ, ν = 0, 1, 2, and gµν =diag(1,−1,−1)
is a Minkowski space metric. We have defined the follow-
ing 4× 4 Minkowski space gamma matrices
γ0 = τ0 ⊗ σ3, γ1 = τ0 ⊗ iσ1, γ2 = τ3 ⊗ iσ2, (2)
where the two-component identity matrix τ0 and the
standard Pauli matrices τ i act on the valley indices
(K,−K), the two-component Pauli matrices (σ0, σi)
act in sublattice space (A,B). In the free Dirac La-
grangian, the four-component Dirac spinor is defined as
Ψ = (cAK , cBK , cA−K , cB−K)
T. In the vicinity of Dirac
points, then the Bloch Hamiltonian reads H = γ0γiki
with the reduced Planck constant ~ = 1[32]. There are
two matrices anticommute with all γµ matrices
γ3 = τ1 ⊗ iσ2, γ5 = τ2 ⊗ iσ2. (3)
We can define γ35 = iγ3γ5 = τ3 ⊗ iσ0 which commutes
with all γµ but anticommutes with γ3 and γ5, or explic-
itly, [γ35, γµ] = 0, {γ35, γ3} = 0, {γ35, γ5} = 0. It’s eas-
ily check that [γ35,H] = 0. The Hamiotonian possesses
a symmetry implemented by CHC−1 = −H, where C is
expressed as either C = γ0 or C = γ0γ35. This symme-
try is conventionally called chiral symmetry or sublattice
symmetry on bipartite graphene lattice. For generality,
we introduce an arbitrary number of Nf fermion flavors
of four-component Dirac fermions. The fermion field car-
ries a flavor index, Ψ = Ψi with i = {1, 2, ...Nf}, Nf = 2
3case corresponds to spin-1/2 fermions on the honeycomb
lattice[37, 38].
We now turn to the instabilities accompanied by spon-
taneous breaking of the Ising (or Z2) symmetry. The pat-
terns of Z2 order-parameter can be achieved through the
condensation of Dirac fermion bilinears which gaps out
the node Dirac fermions. To this end, we introduce two
mean field fermion bilinears: 〈Ψ¯Ψ〉 and 〈Ψ¯γ35Ψ〉, which
can be triggered by sufficiently strong nearest-neighbor
electron interaction. Both patterns of fermion bilinears
break the chiral symmetry, the condensation of Ψ¯Ψ corre-
sponds to charge-density wave (CDW) and the condensa-
tion of Ψ¯γ35Ψ plays the role order parameter of quantum
anomalous Hall (QAH) phase.
We first consider the CDW phase. Introducing the Z2
field χ = 〈Ψ¯Ψ〉 which describes the fluctuating of CDW
order parameter, then the Lagrangian for the transition
from the semimetal to CDW in defined by the chiral Ising
GNY model
LcICDW = Ψ¯iiγµ∂µΨi + gχΨ¯χΨ+ Lχ, (4)
where the bosonic Lagrangian is given by
Lχ = 1
2
(∂µχ)
2 − 1
2
m2χχ
2 − λχχ4. (5)
Here the parameters m2χ tunes the phase transition from
semimetallic phase to the phase with spontaneous Z2
symmetry breaking where the fermion mass are dy-
namically generated. To determine the nature of the
transition, we introduce the cubic term in the Landau-
Ginzburg Lagrangian by hand, is of the form
Lcub. = b(χ3 + χ∗3). (6)
Such kind of terms also exist in the valence-bond-solid
phase as the redution of continuous symmetry down to
discrete symmetry, i.e., Z3 and Z4 symmetry[18, 22, 27].
According to Landau criterion, the transition should be
first-order in the presence of cubic terms of order pa-
rameter in the Lagrangian[21]. In general space-time di-
menisions D, the cubic coupling have canonical dimen-
sions [b] = 3−D/2, which implies that the cubic terms is
strongly relevant near upper critical dimensions Duc = 4.
By contrast, the possible Z4-anisotropy ∼ χ4 + χ∗4 on
square lattice is marginal and can be accessible within ǫ
expansion near four dimensional space-time[77]. Though
the cubic term is relevant at leading order, in the follow-
ing, we will show it is irrelevant in the one-loop correc-
tions. This leaves the concept of FIQCP in the fermion
systems[17, 22, 27].
Correspondingly, the semimetal-QAH quantum criti-
cality is governed by the Lagrangian
LcIQAH = Ψ¯iiγµ∂µΨi + gφΨ¯φΨ + Lφ, (7)
Lφ = 1
2
(∂µφ)
2 − 1
2
m2φφ
2 − λφφ4, (8)
We have set the boson and fermion velocities equally to
preserve the Lorentz symmetry, vF = vB = 1 , which is
reasonable since the the Lorentz invariance has been ar-
gued to emergent naturally near the critical point and the
velocity difference between boson and fermion is always
irrelevant in Yukawa theories[30, 73]. Furthermore, for
the enlarged Ising×Ising criticality, the Landau-Ginzburg
action can be written as S =
∫
dDx(LcICDW-QAH+Lχφ),
where Lχφ = λχφχ2φ2 describes the interaction between
two Ising fields with strength λχφ.
III. CDW ISING-CRITICALITY
In this section, we study the critical properties of CDW
Ising criticality within field-theoretic RG in D = 4 − ǫ
space-time dimensions and the modified minimal sub-
traction (MS). Our starting point is the renormalized
Lagrangian
LRcICDW = ZΨΨ¯iiγµ∂µΨi + µǫ/2ZgχZΨ
√
ZχgχΨ¯χΨ
+
1
2
Zχ(∂µχ)
2 − 1
2
ZχZm2χm
2
χχ
2
−µǫZλχZ2χλχχ4, (9)
where µ denotes an renormalization energy scale, the en-
ergy scale dependencies arises from the introduction of di-
mensionless coupling constants λ0χ = µ
ǫλχ, g
0
χ = gχµ
ǫ/2,
m2χ0 = µ
2m2χ and the superscript 0 means the bare quan-
tities. We defined the renormalized fields in terms of
Ψ0i =
√
ZΨΨi, χ =
√
Zχχ
0. To determined the CDW
Ising critical behvior, the renormalization constants ZΨ,
Zχ, Zgχ , Zm2χ , Zλχ are perturbatively calculated up to
one-loop order, the technical details of which can be
found in Ref. [74].
A. Beta functions and critical exponents
The beta function for the coupling constants are de-
fined as the logarithmic derivatives with respect to the
energy scale,
β(gχ) =
dgχ
d lnµ
, β(λχ) =
dλχ
d lnµ
. (10)
In terms of the renormalization constants, the beta func-
tions can be represented as
β(gχ) = (−ǫ/2− γgχ)gχ, β(λχ) = (−ǫ− γλχ)λχ, (11)
where γX is defined as γX = d lnZX/d lnµ for X = gχ,
λχ. We remind that the expression for the beta fuc-
tions differ from the previous publications[54, 77], the
difference arises from the definition of the renormalized
coupling constants. Rescaling the coupling constants ac-
cording to λχ/(8π
2) → λχ, g2χ/(8π2) → g2χ, the beta
functions are given by
β(g2χ) = −ǫg2χ + (2Nf + 3)g4χ, (12)
β(λχ) = −ǫλχ + 4Nfλχg2χ + 36λ2χ −Nfg4χ. (13)
4The one-loop beta functions above agree with those in
the previous publications[11, 38]. In the limit g2χ = 0,
our expressions reduce to scalar φ4 theory with Z2 or
Ising symmetry.
When the system is tuned to criticality with m2χ = 0,
the simultaneous zeros of the set of beta functions give
the fixed-point which denoeted by (g2χ∗, λχ∗). At one-
loop order, the beta functions admit four fixed-points:
the Gaussian fixed-point (0, 0), the bosonic Wilson-
Fisher fixed-point (0, ǫ/36), and a pair of Ising GNY
fixed-point
(g2χ∗, λχ∗)± =
(
1
2Nf + 3
ǫ,
−(2Nf − 3)±W
72(2Nf + 3)
ǫ
)
, (14)
defining W = (4N2f +132Nf +9)
1/2. Among these fixed-
points, the infrared stable fixed-point is given by the pos-
itive one.
In addition to the beta function for the coupling con-
stants, the beta function for the scalar mass squared is
given by
β(m2χ) =
dm2χ
d lnµ
= −(2 + γm2χ)m2χ, (15)
where γm2χ = d lnZm2χ/d lnµ is the anomalous dimension
for mass squared. When the system is tuned to criticality
(m2χ = 0), the inverse correlation length exponent ν
−1 is
related to the mass squared anomalous dimension by
ν−1 = 2 + γm2χ(g
2
χ∗, λχ∗). (16)
At one-loop order, we find γm2χ = −12λ − 2Nfg2, eval-
uating at the criticality provides ν−1 = 2 − 0.8347ǫ for
Nf = 1, and ν
−1 = 2 − 0.9524ǫ for Nf = 2. These
results have also been calculated up to three- and four-
loop in previous literatures[11, 38]. At the QCP, it is
found empirically that the pair correlation function of
the order-parameter takes the form
〈OCDW(r)OCDW(r′)〉 ∼ 1|r − r′|D−2+ηχ , (17)
where ηχ is the order-parameter anomalous dimension
characterizing the long-range power-law decay of the pair
correlation function. In the framework of the field theory,
the order-parameter anomalous dimensions is determined
by
ηχ =
1
Zχ
dZχ
d lnµ
(18)
and the value is evaluated at criticality. We find the one-
loop result ηχ = 2Nfg
2
χ, the evaluation at the criticality
provides ηχ = 0.5714ǫ for Nf = 2, which agrees exactly
with Ref. [11] at the corresponding order.
B. The nature of Ising-order transition
So far we have considered the fixed-point without the
cubic term. At one-loop order, the cubic term contributes
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FIG. 1: (Color online) Result for the range where θ < 0
for varying space-time dimensions and the flavors of four-
component Dirac fermion Nf . In this range, the cubic term
is irrelevant and the phase transition is continuous. The inset
shows the detail of Nf ∈ [0, 2] and there is a critical value
Ncf = 0.25 for D = 3.
to the renormalization of bosonic self-energy and cubic
vertex. If the cubic term is relevant when approaching
the critical point in 4 − ǫ dimensions, then the transi-
tion should be first-order. To confirm the nature of Ising
transition on the honeycomb lattice, we write down the
renormalized cubic Lagrangian
LRcub. = µ3−D/2bZbZχ(χ3 + χ∗3), (19)
where we have introduced the renormalization constant
Zb such that b0 = Zbb. Similarly, the beta function for b
is given by
β(b) = [−(3−D/2)− γb]b, (20)
with γb = d lnZb/d lnµ. Explicitly, the cubic term is
relevant (infrared) for D → 4 without loop corrections.
Using the MS scheme and evaluating the one-loop cor-
rection, we find the one-loop renormalization constant
Zb = 1 + (36λχ + 3Nfg
2
χ)/ǫ, (21)
which implies the beta function
β(b) = [−(3−D/2) + 36λχ + 3Nfg2χ]b. (22)
The negative slope of the beta function β(b) evaluated
at the fixed-point determines the relevance or irrelevance
of the cubic term when flowing toward the critical point,
which gives
θ = (3 −D/2)− 36λχ∗ − 3Nfg2χ∗. (23)
θ > 0 corresponds to a relevant and θ < 0 corresponds to
an irrelevant cubic coupling. At the infrared stable Ising
GNY fixed-point, we find
θ = (3 − D
2
)− 4Nf + 3 + s
2(2Nf + 3)
ǫ. (24)
5TABLE I: Numerical values of critical index for differentNf in
three dimensions space-time (D = 3), these indices determine
critical behavior for D < 3.34.
Nf y1 y2 y3
0.1 0.2319 -1 -1.4737
0.2 0.0642 -1 -1.7539
0.25 1.4× 10−16 -1 -1.8571
0.26 -0.0117 -1 -1.8757
0.3 -0.0552 -1 -1.9437
1 -0.4042 -1 -1.9437
10 -0.3387 -1 -1.8079
100 -0.0607 -1 -1.1363
105 −0.67× 10−4 -1 -1.0000
The numerical irrelevant range is displayed in Fig. 1,
the dimensions D ∈ [3, 3.34] allows an irrelevant cubic
coupling. In the θ > 0 range, cubic coupling is rele-
vant, which render a first-order transition. Instead, in
the θ < 0 range, cubic coupling is irrelevant and we ex-
pect a second-order transition. We also determine the
second-order range in D = 2+1 dimensions, the one-loop
RG calculations found a critical fermion flavor number
N cf = 1/4. Above N
c
f , θ is negative so that a continuous
critical point takes place for Nf ≥ N cf .
We have also calculated the stability matrix at critical-
ity in three dimensions space-time. From the beta func-
tions, the stability matrix is given by the linearization of
flow equations at the fixed-point on the hypersurfaces of
coupling constants,
β(Xi) = Bi,j(Xj −X∗j ), (25)
where Bi,j = ∂βi/∂Xj|Xj=X∗j and −Bi,j is termed stabil-
ity matrix. The eigenvalues of −Bi,j define the critical
exponents which are universal at the putative continuous
critical point. More explicitly, one has
dXi
d ln s
= −Bi,j(Xj −X∗j ), (26)
the renormalization scaling factor s is accompanied by
the relation F(Xi) ∼ s−DF(syiXi), where F is an uni-
versal scaling function. Choosing ~X = (g2χ, λχ, b), we
have three eigenvalues which are ordered as y1 > y2 > y3.
A second-order critical point requires y1 < 0. The crit-
ical index yi > 0 implies Xi is a relevant variable, this
corresponds to repelling flow. By contrast, yi < 0 implies
Xi is an irrelevant variable, this corresponds to attractive
flow. Our calculations of the critical index in D = 3 di-
mensions are listed in Table I, we find the critical index y1
change sign at N cf = 0.25, which gives a consistent check
on the critical fermion flavor number. Consequently, the
two-dimensional honeycomb lattice withNf = 2 may dis-
play a continuous phase transition with universal critical
behavior.
IV. ISING×ISING CRITICALITY
The previous section focus only on the Ising critical-
ity, we now turn to the critical behavior with enlarged
Ising×Ising fluctuations. The model under consideration
is given by LII = L cICDW-QAH + Lχφ, and the corre-
sponding renormalized Lagrangian is given by
LRII = ZΨΨ¯iiγµ∂µΨi + µǫZλχφZχZφλχφχ2φ2
+
1
2
Zχ(∂µχ)
2 − 1
2
ZχZm2χm
2
χχ
2 − µǫZλχZ2χλχχ4
+
1
2
Zφ(∂µφ)
2 − 1
2
ZφZm2
φ
m2φφ
2 − µǫZλφZ2φλφφ4
+ µ
ǫ
2ZgχZΨZ
1/2
χ gχΨ¯iχΨi + µ
ǫ
2ZgφZΨZ
1/2
φ gφΨ¯iφΨi.
(27)
Similar models have been used to discuss the coexisting
orders and Mott mutilcriticality in Dirac systmes, see
Refs. [29, 36]. As defined is Sec. III, the Zi renormal-
ization factors. We have also introduced the interaction
between the CDW dynamical fluctuating and QAH dy-
namical fluctuating, which is given by Lχφ. Evaluating
these renormalization factors at one-loop order, the beta
functions of the rescaled coupling constants are given by
the following differential equations
β(g2χ) = −ǫg2χ + (2Nf + 3)g4χ + 3g2φg2χ, (28)
β(g2φ) = −ǫg2φ + (2Nf + 3)g4φ + 3g2χg2φ, (29)
β(λχ) = −ǫλχ + 4Nfλχg2χ + 36λ2χ −Nfg4χ + λ2χφ (30)
β(λφ) = −ǫλφ + 4Nfλφg2φ + 36λ2φ −Nfg4φ + λ2χφ, (31)
β(λχφ) = −ǫλχφ + 2Nfλχφg2χ + 2Nfλχφg2φ + 8λ2χφ
+ 12λχλχφ + 12λφλχφ −Nfg2φg2χ, (32)
To confirm the fixed-point on the critical hypersurface
denoted by X∗i = (g
2
χ, g
2
φ, λχ, λφ, λχφ)
∗, we look for the
solution for the simultaneous zero of these beta functions,
β(X∗i ) = 0. Eqs.(28) and (29) admit four solutions, A1:
(g2χ, g
2
φ) = (0, 0), A2: [ǫ/(2Nf+3),0], A3: [0, ǫ/(2Nf+3)]
and
A4 : g
2
χ =
ǫ
2Nf + 6
, g2φ =
ǫ
2Nf + 6
. (33)
Among these solutions, only A4 corresponds to a stable
fixed-point[11]. The equations for λχ and λφ are sym-
metric, so they enjoy the same value at criticality. We
have solved the fixed-point numerically, for instance for
Nf = 1, Eqs.(28) to (32) admit an infrared stable fixed
point:
X∗ = (0.125ǫ, 0.0281ǫ, 0.0281ǫ, 0.0346ǫ, 0.0346ǫ), (34)
at which the critical behavior is universal. The stable in-
frared fixed-point and the RG flow spanned by g2χ, λχ and
λχφ are illustrated in Fig. 2. In the presence of enlarged
Ising×Ising fluctuations, we observe that the enlarged
fluctuation brings the system to a dual GNY fixed-point
denoted by S.
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FIG. 2: (Color online) The fixed points and the RG flow
within the space spanned by g2χ, λχ and λχφ for Nf = 1.
(a) λχ-g
2
χ plane for λχφ = 0.0346ǫ. (b) λχ-λχφ plane for
gχ = 0.125ǫ. The fixed point denoted by S (red) is an infrared
stable fixed-point.
A. Critical exponents
We now turn to the computation of critical exponents.
At one-loop order, the fermion field renormalization has
additional contribution compared with the Ising critical-
ity, it is easily calculated the field renormalization coef-
ficient (see details in Ref. [74]):
Zψ = 1− (g2χ + g2φ)/(2ǫ), (35)
which yields the fermion anomalous dimensions ηψ =
(g2χ + g
2
φ)/2 such that 2∆ψ = D − 1 + ηψ, where ∆ψ is
the scaling dimensions for Dirac fermions. As stated in
Sec. IIIA, the boson anomalous dimensions are given by
ηχ = 2Nfg
2
χ and ηφ = 2Nfg
2
φ, respectively. The inverse
correlation length exponent characterizes the divergence
of correlation length as the mass squared is tuned to zero
or the transition is approached. At the critical point, we
find the inverse correlation length exponent, at one-loop
order, is given by
1/ν = 2− 12λχ∗ − 2Nfg2χ∗ − λχφ∗. (36)
Interestingly, the GNY model with Ising×Ising criticality
also supports the emergent supersymmetry (SUSY) sce-
nario [79, 80]. For Nf = 1/2 , the quantitative estimates
of the critical exponents finds
1/ν = 2− 0.5217ǫ, (37)
η = ǫ/7, (38)
with η = ηχ = ηφ. We point also that, owing to the
existence of strongly relevant mixed term between two
different Ising fluctuating fields, the supersymmetry scal-
ing relation 1/ν = (D − η)/2 in the chiral Ising GNY
model not holds exactly at criticality[11]. In general
case for Nf ≥ 1/4, the critical exponents define a new
universality class termed chiral Ising×Ising universality
class. To obtain the estimate for the critical exponents
at the physical dimensions ǫ = 1, we employ simple Pade
TABLE II: Critical exponents for the chiral Ising×Ising uni-
versality class in D = 3 for varying flavors of Dirac fermion
Nf : inverse correlation length exponent 1/ν, boson anoma-
lous dimension ηχ, ηφ, and fermions anomalous dimension ηψ.
We provide Pade estimate for the correction length exponents
with [0/1] extrapolation.
Nf ν
−1
[0/1]
η = ηχ = ηφ ηψ
1/4 1.6318 0.0769 0.1538
1/2 1.5863 0.1478 0.1428
1 1.5254 0.25 0.125
2 1.4589 0.4 0.1
approximant[37]. At one-loop order, the Pade approxi-
mant provides only [0/1] extrapolation for the exponents,
our estimates for different Nf are listed in the Table. II.
For Nf = 1, the theory describes the quantum criticality
of spinless electrons from semimetallic state to insulating
state which break sublattice or Z2 symmetry, i.e., CDW
phase. The Nf = 2 GNY model describes the similar
transition of spinful fermions on the honeycomb lattice.
B. Scaling dimensions of fermion bilinears
Apart from the order-parameter anomalous dimen-
sions, the pair correlation function of fermion bilinear
also develops universal long-range power-law decay at
criticality. It’s very interesting to ask for the behav-
ior of the bilinear correlation at criticality. In gen-
eral, the microscopic order-parameter on an underlying
lattice model can be identified with the bilinears ob-
tained in the continuum limit, i.e., valence-bond-solid
order or Neel order[75, 76]. So, the observable value
of fermion bilinears is accessible to quantum Monte
Carlo simulations[68]. The fermion bilinears are gauge-
invariant while the fermion fields anomalous dimensions
are not in a gauge theory such as QED theory, which al-
lows us to calculate the scaling dimensions of the fermion
bilinear.
Following Ref. [54], we add an infinitesimally weak
fermion bilinear m0Ψ¯0MΨ0 in the bare Lagrangian, then
the renormalized quantity is given by ZmZΨmRΨ¯MΨ.
The beta function for the weak mass reads
β(m) =
dm
d lnµ
= −(1 + γm)m, (39)
where γm = d lnZm/d lnµ is the anomalous dimensions
for m. The scaling dimensions of the bilinear is then
given by
∆〈Ψ¯MΨ〉 = D − 1− γm(g2χ∗, λχ∗). (40)
It’s straightforward to calculate the scaling dimensions
of QAH fermion bilinear in the Ising criticality, we find
∆〈Ψ¯γ35Ψ〉 = 3−
4Nf + 3
4Nf + 6
ǫ+O(ǫ2), (41)
7this result is also concide with the scaling dimensions of
the flavor singlet and adjoint fermion bilinears calculated
in the chiral Ising GNY model[77]. Since the anticommu-
tating relation [γ35, γµ] = 0, the CDW and QAH fermion
bilinear are expected to have the same scaling dimen-
sions at one-loop order ∆〈Ψ¯γ35Ψ〉 = ∆〈Ψ¯Ψ〉. Similally,
the CDW and QAH bilinear at criticality show power-
law decay as Eq. (17), and the scaling dimensions at the
Ising×Ising criticality is given by
∆〈Ψ¯γ35Ψ〉 = ∆〈Ψ¯Ψ〉 = 3−
2Nf + 3
2Nf + 6
ǫ+O(ǫ2), (42)
which is apparently larger than those in the Ising criti-
cality for relatively small Nf . Therefore, the QAH bilin-
ear correlations at the Ising×Ising criticality decay faster
than it at the Ising criticality.
Further, the bilinears 〈Ψ¯γ3Ψ〉 and 〈Ψ¯γ5Ψ〉 are of inter-
ests, they correspond to Kekule VBS order parameter on
the honeycomb lattice[42, 78]. The corresponding scaling
dimensions in the Ising and Ising×Ising criticality can be
calculated respectively as
∆IsingKVBS = 3−
4Nf + 15
4Nf + 12
ǫ+O(ǫ2), (43)
∆IxIKVBS = 3−
2Nf + 9
2Nf + 6
ǫ+O(ǫ2), (44)
with ∆KVBS = ∆〈Ψ¯γ3Ψ〉 = ∆〈Ψ¯γ5Ψ〉. An important obser-
vation from this result is that the Kekule VBS correlation
has been enhanced tremendously by the Ising×Ising fluc-
tuations as the bilinear scaling dimensions is decreased.
By now, we have concentrated on the Ising×Ising crit-
icality of spinless electrons. The spinful electrons on
the graphene lattice are believed to undergo a metal-
insulator phase transition for repulsive interactions. Us-
ing the eight-component spinor (Ψi↑,Ψi↓), the gamma
matrices in the kinetic part can be written as [see Eq.(2)]
Γ0 = s0⊗ τ0⊗σ3, Γ1 = s0⊗ τ0⊗ iσ1, Γ2 = s0⊗ τ3⊗ iσ2,
where the Pauli matrix si acts as the real spin degrees of
freedom. In addition to the bilinears already encountered
in the spinless case, there exist 12 bilinears for different
microscopic order parameter[78]. The typical example
are Neel order, quantum spin Hall effect (QSHE) and
spin-dependent Kekule VBS. We denote the bilinears by
〈Ψ¯MOΨ〉, for example, MO = ~s⊗ τ0⊗σ0 corresponds to
the spin-density-wave or z-direction Neel order
OzNeel = (−1)i〈c†i↑ci↑ − c†i↓ci↓〉. (45)
MO = ~s ⊗ τ3 ⊗ iσ0 corresponds to the QSHE. Finally,
bothMO = ~s⊗τ1⊗iσ2 andMO = ~s⊗τ2⊗iσ2 correspond
to the Kekule VBS[78], their combination
OKVBS = Γ
0(~s⊗ τ1 ⊗ iσ2) + iΓ0(~s⊗ τ2 ⊗ iσ2) (46)
controls the dimerization pattern. For these bilinears,
we find only the Kekule VBS scaling dimensions at the
Ising×Ising critical point is smaller that its value at the
Ising critical point. Thus, the kekule VBS correlations
are enhanced tremendously by the Ising×Ising fluctua-
tions while other correlations are suppressed. In general,
it is worth pointing out that the bilinear correlations are
enhanced if the bilinear matrices MO and the gamma
matrices Γµ are anticommutative, namely {Γµ,MO} = 0.
In summary, the crucial ingredient for the enhancement
is the anticommuting nature between the corresponding
fermion bilinear matrix and the Dirac gamma matrices.
V. CONCLUSIONS
In this paper, with the help of one-loop perturbative
RG analysis in d = 4 − ǫ, we have studied the fermionic
quantum criticality with enlarged Ising×Ising fluctuation
in the two dimensional honeycomb materials. To get an
understanding of whether the semimetal-insulator tran-
sition is weak first-order or second-order transition, we
include a cubic term of the order-parameter in the the-
ory and study its fate as the infrared stable fixed-point
is approached. The semimetal-CDW transition is mod-
eled in terms of an Ising GNY theory with a generalized
flavors of Dirac fermions Nf , we find the cubic term is al-
ways irrelevant if Nf fulfills Nf ≥ 1/4 in three space-time
dimensions. The irrelevance implies that the extra fluc-
tuations from fermions change of the nature of transition
and render it continuous[18, 21, 27]. We also calculate
the complete second-order regime for varying space-time
and Nf , as shown in Fig. 1.
Moreover, the tricritical point for the semimetal-
transition that breaks Ising×Ising symmetry is investi-
gated. Using ǫ expansion, we have calculated the criti-
cal exponents for the Ising×Ising universality class, in-
cluding inverse correlation length exponent 1/ν, boson
anomalous dimension ηχ, ηφ, and fermions anomalous
dimension ηψ. The exponents for different value of Nf
are shown in Table II. Further, the ǫ expansion has been
used to calculated the scaling dimensions for the fermion
bilinear on the honeycomb lattice. In particular, we ob-
serve that the scaling dimensions for the Kekule valence-
bond-solid at Ising×Ising criticality is smaller than the
value at Ising criticality. This means that the Kekule
valence-bond-solid is enhanced tremendously by the en-
larged Ising×Ising fluctuations. The crucial ingredient
for the enhancement is the anticommuting nature be-
tween the corresponding fermion bilinear matrix and the
Dirac gamma matrices. We hope such kind of tremen-
dous enhancement will shed light on the mutil-criticality
of competing orders in complex many-body systems and
even the transition in the high-temperature superconduc-
tors.
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